Abstract. In this paper we generalize and unify several results proved in recent papers about the existence of normal p-complements and conditions on supersolubility.
Introduction
In recent papers (see [1] , [3] , [12] , [13] , [17] ) some criteria concerning the existence of normal p-complements, the influence of nilpotent maximal subgroup on the structure of a finite group G and conditions on supersolubility have been studied. One of the purposes of this paper is to prove that, under some hypotheses, certain p-subgroups of a finite group G control the fusion. The control of the fusion by a suitable subgroup depends on a theorem obtained by the authors in [9] . This theorem says that a strongly closed subgroup V of a Sylow p-subgroup P of the finite group G controls the strong fusion if and only if V has a central chain of weakly closed subgroups in P with respect to G. We observe that this theorem has been generalized by R. Stancu (see [19] ) in the context of Fusion Systems and it has been applied to determine Sylow p-subgroups which control the fusion. The concept of strongly closed subgroup plays a fundamental role in this context (see for example [2] , [19] , [5] ).
In this paper, by using the Theorem in [9] and a Lemma of T. H. La¤ey (see [15] ), we prove some results, as Lemma 11 and Theorem 16, from which some theorems in [3] , [12] , [15] and [17] can be deduced easily and are unified. We have the feeling that the Theorem in [9] can be used also for generalizing other results of the above cited papers.
The second purpose of this paper is to generalize results in [1] and [13] concerning the existence of normal p-complements and supersolubility. In a previous paper of the authors (see [8] ) it was proved that if the Frattini subgroup FðPÞ of a Sylow p-subgroup P of a finite group G is strongly closed in P, then P controls the transfer, obtaining several conditions either on the existence of a normal p-complement or on the supersolubility of G. In [1] and [13] the H-subgroups and their influence on the structure of a finite group were studied. The concept of H-subgroup for p-groups is equivalent to that of strongly closed subgroup (see [20, p. 584] ). So some results in [1] can be deduced by [8] . In this paper, using some ideas from [1] and [8] we generalize a condition in [1] concerning the supersolubility of a finite group G. Moreover, for the mentioned equivalence between H-subgroups and strongly closed p-subgroups, it is not di‰cult to answer negatively to a question in [13] and, in the spirit of a theorem in [13] , we prove, using the Theorem in [9] , that a finite group is 2-nilpotent if the cyclic subgroups of order less than or equal to 4 are strongly closed.
2 Notation and preliminary results Definition 1. Let T be a subgroup of a finite group G.
(i) A subset A of T is said to be weakly closed in T (with respect to G) if whenever
(ii) A subset B of T is said to be strongly closed in T (with respect to G) if for any element b A B and for any g A G,
We often will omit the ''with respect to G'' if it is not necessary to specify in which group we consider the property. We have the following properties of strongly closed subgroups (see [20, p. 584 
]).
Proposition 2. Let G be a finite group, then (i) if A is a strongly closed subset in a subgroup T of G with respect to G, then A is weakly closed in T with respect to G.
(ii) Let V be a p-subgroup of G and let P A Syl p ðGÞ such that V c P. Then the following conditions on V are equivalent: (a) The subgroup V is strongly closed in N G ðV Þ with respect to G. (b) If S is any p-subgroup of G such that V c S, then V is strongly closed in S with respect to G. (c) The subgroup V is strongly closed in P with respect to G.
(iii) Let V be a p-subgroup of G and let P A Syl p ðGÞ such that V c P. Suppose that V is a strongly closed p-subgroup in P with respect to G. Then the following properties hold: (a) For any normal subgroup N of G, V V N is a strongly closed subgroup in P with respect to G. (ii) V is normal in G if and only if V is weakly closed in P and subnormal in G.
Proof. Both claims are well known. For (i) see for instance [7] . We include the proof of (ii) for the convenience of the reader.
(ii) Let V be normal in G. Then trivially it is weakly closed and subnormal in G. Vice-versa let V be weakly closed and subnormal in G. We show that V is normal in G by induction on the defect k of subnormality of V . The claim is obviously true if k ¼ 1. Assume that it is true for k ¼ n À 1. Let k ¼ n and suppose V pp T p G where V has defect of subnormality n À 1 in T. Since V is weakly closed in P, it is also weakly closed in T V P and so by induction V is normal in T. Now let g A G and consider V g . We have V g c ðP V TÞ g . By Sylow's theorem P V T and ðP V TÞ g are conjugate in T. So there exists t A T such that
We have V g c ðP V TÞ g c P g and V t c ðP V
by the weak closure of V in P and so by the weak closure of
Definition 4. Let G be a finite group and p A pðGÞ. Suppose that P A Syl p ðGÞ and V is a normal subgroup of P. We say that V controls the (strong) fusion in P with respect to G if whenever
For the convenience of the reader we state some theorems in [9] , [8] and [15] that we will apply successively.
Theorem 5 (see [9] ). Let G be a finite group and let P be a Sylow p-subgroup of G. Then a normal subgroup V of P controls the strong fusion in P with respect to G if and only if V is strongly closed in P with respect to G and V has a central chain of subgroups all weakly closed in P with respect to G.
Remark 6 (see [20] p. 151). We observe that if a normal subgroup V of a Sylow p-subgroup P of a finite group G controls the fusion in P with respect to G then V controls transfer in G, that is
Theorem 7 (see [8] ). Let G be a finite group and P a Sylow p-subgroup of G. Then G possesses a normal p-complement if and only if FðPÞ is strongly closed in P with respect to G and there is a chain
with V i weakly closed in P with respect to G, jV i =V iÀ1 j ¼ p ( for i A f1; . . . ; ng) and ðjN G ðPÞ : C G ðPÞj; p À 1Þ ¼ 1.
Now we state the following result of La¤ey. Observe that the p-groups which satisfies the La¤ey condition are called TH-p-groups in [4] .
Let G be a finite p-group then we put
Lemma 8 (see [15] ). Let P be a p-group with WðP 0 Þ c ZðPÞ, then WðP=LÞ c ZðP=LÞ where WðP 0 Þ c L c ZðPÞ.
Remark 9. If N t P, let WðP mod NÞ be the complete inverse image of WðP=NÞ.
Then, under the hypotheses of lemma 8, if we put
we have that the chain
is a central chain of P for a suitable n.
In the following, if it is clear which L we consider, we simply write
Definition 10. Let G be a finite group and P A Syl p ðGÞ. Suppose that V t P is strongly closed in P with respect to G and that ð * Þ :
Then we call ( * ) a G-chain of V .
Applications of G-chains
Lemma 11. Let G be a finite group, p be a prime in pðGÞ and P A Syl p ðGÞ. Suppose that N is a normal subgroup of G and that WðP V NÞ c ZðPÞ. Then (i) If N is any normal subgroup of G, then P V N controls the strong fusion in P.
(ii) If N is normal in G with N d G 0 , then P controls the strong fusion in P.
Proof. (i) First of all we observe that P V N is strongly closed by part (iii) of Proposition 2. Moreover, by hypothesis, we have WðP V NÞ c ZðPÞ and so WðP V NÞ c ZðP V NÞ: Then, by Lemma 8, we have that P V N is a TH-p-group and so by Remark 9 we have that 
Therefore c W i W i ðP V NÞ is weakly closed Ei. It follows that the chain
is a G-chain of P V N and therefore P V N controls the strong fusion by Theorem 5.
(ii) Observe that WðP V NÞ d WðP 0 Þ. So by Lemma 8, P is a TH-p-group. By
To prove that it is a G-chain we need to check that the members of the chain are weakly closed. For, first of all, suppose that ð c
, then x and x g belong to WðPÞ: We have x À1 x g A P V G 0 and since x A ZðPÞ, we have As an immediate corollary, using the Remark 6, we obtain the following Corollary 12 (see [15] ). Let G be a finite group, p a prime and P a Sylow p-subgroup of G. If WðPÞ c ZðPÞ, then G has a normal p-complement if and only N G ðPÞ has a normal p-complement.
Before stating as a corollary a result in [3] we prove the following Lemma 13. Let G be a finite group. Suppose that G ¼ ½PK is the semidirect product of P and K, where P is a normal Sylow p-subgroup of G and K is a p 0 -group. If P V G 0 is centralized by K, then P is centralized by K.
Proof. Consider the following chain of P: 1 c P V G 0 c P. Observe that K acts on P V G 0 and on the quotient P=ðP V G 0 Þ. Since ½P; K c P V G 0 we have that K stabilizes the chain. So by [11, Lemma 3, p . 178] K centralizes P. r Corollary 14 (see [3] ). Let p be a prime and let P be a Sylow p-subgroup of G. If . Let G be a finite group and M a nilpotent maximal subgroup of G. Let P A Syl p ðMÞ with p the smallest prime in pðGÞ. Suppose that P V G 0 possesses a G-chain
Then G is soluble.
Proof. Let G be a minimal counterexample. First of all we can suppose that p ¼ 2, otherwise G is soluble because it is of odd order. Then
In fact, suppose that ðO 2 0 ðMÞÞ G 0 1, and let N be a minimal normal subgroup of G with N c ðO 2 0 ðMÞÞ G . Then M=N is a nilpotent maximal subgroup of G=N and ðP V G 0 ÞN=N ¼ ðPN=NÞ V G 0 N=N. So G=N satisfies the same hypotheses than G. Then, by minimality of G we have that G=N is soluble. Therefore, since N has odd order, we deduce that G is soluble.
Moreover M is a Sylow 2-subgroup of G. For, if U is a Hall 2 0 -subgroup of M, then by [16, Theorem 1], we have that U is a normal subgroup of G. In particular U c ðO 2 0 ðMÞÞ G ¼ 1. It follows that M is a self normalizing Sylow 2-subgroup of G. If P V G 0 ¼ P ¼ M, then by Theorem 5 we have that P controls the fusion and so it controls the transfer. Since N G ðPÞ ¼ P we have that G has a normal 2-complement and therefore G is soluble. So we can suppose that P V G 0 < P. We have that P V G 0 is strongly closed in P A Syl 2 ðGÞ by part (iii) of Proposition 2 and possesses a weakly closed central chain. So by Theorem 5 we have that P V G 0 controls the fusion and in particular controls the transfer. Then if we put N ¼ N G ðP V G 0 Þ we have
Since N d P and P is maximal we have two possibilities
Þ is abelian and
It follows that G=ðP V G 0 Þ is 2-nilpotent by the Burnside Theorem (see [11] ). Then G is soluble.
(ii) If N ¼ P then N=O 2 ðNÞ G P. It follows that G=O 2 ðGÞ G P, and so G is 2-nilpotent which implies that G is soluble. r Corollary 17 (see [3] ). Let M be a nilpotent maximal subgroup of a finite group G. If P is a Sylow 2-subgroup of M and WðP V G 0 Þ is contained in the center of P, then G is soluble.
Proof. By Remark 9 and by the argument used in Lemma 11, the chain
So the result follows by Theorem 16. r In [13] Guo and Wei study the relationship between p-nilpotency and H-subgroups which are p-groups. We recall that a subgroup K of a finite group G is said to be an
For a p-group (see [20, p. 584 ]) this condition is equivalent to being strongly closed. In their paper they prove that a finite group G is p-nilpotent (p odd) if and only if N G ðPÞ is p-nilpotent, where P is a noncyclic Sylow p-subgroup of G and there is a subgroup D of P with 1 < jDj < jPj such that every subgroup of P of order jDj is an H-subgroup. They ask whether the theorem holds when p ¼ 2.
We note that the theorem is not true for p ¼ 2 as the following example shows: Example 18. Let G ¼ SL 2 ð7Þ and P A Syl 2 ðGÞ. Then P is a generalized quaternion group of order 16 (see [14, p. 196] ) and N G ðPÞ ¼ P. Obviously P contains only one subgroup of order 2 which is strongly closed in P and then it is an H-subgroup. However G is not 2-nilpotent.
The following theorem gives a positive answer when the subgroups considered are cyclic of order 2 or 4.
Theorem 19. Let G be a finite group and P A Syl 2 ðGÞ. Suppose that all the cyclic subgroups of G of order less than or equal to 4 are strongly closed in P with respect to G. Then G is 2-nilpotent.
Proof. We have W 1 ðPÞ t ZðPÞ. Moreover W 2 ðPÞ, which is the product of strongly closed subgroups, is strongly closed in P with respect to G by [5 Definition 20 . Let G be a finite group and P Ã a strongly closed subgroup of a Sylow p-subgroup P of G. Suppose that there is a chain
where FðP Ã Þ is strongly closed in P with respect to G and jV i : V iÀ1 j ¼ p with V i weakly closed in P with respect to G for i A f1; . . . ; ng. Then we call ( * ) a F-chain of P Ã .
Lemma 21. Let G be a finite group and P A Syl p ðGÞ. Suppose that H is a strongly closed subgroup in P with respect to G. Moreover suppose that FðHÞ is strongly closed in P with respect to G. Then 
Then we can consider G=P 1 which satisfies the same hypotheses as G. Therefore there is a normal p-complement K=P 1 of G=P 1 . By the Schur-Zassenhaus theorem K has a p-complement K 1 which is normalized by P 1 and so K 1 is a normal p-complement in G. r
As an immediate corollary, observing that the intersection of strongly closed subgroups is strongly closed, we obtain the following Corollary 24. Let G be a finite group and p be the smallest prime in pðGÞ and suppose that p A pðF Ã ðGÞÞ. Let P A Syl p ðGÞ and P Ã ¼ P V F Ã ðGÞ. Suppose that the maximal subgroups of P Ã are strongly closed in P with respect to G. Then G is soluble.
By using Lemma 23, we obtain the following generalization of [1, Theorem 1.7] Corollary 25. Let G be a finite group and suppose that P A Syl p ðGÞ and P Ã ¼ P V F Ã ðGÞ. Then G is supersoluble if and only if for every p A pðF Ã ðGÞÞ, P Ã possesses a F-chain.
Proof. It is straightforward to verify that the condition is necessary. To prove the sufficiency we proceed by induction on jGj. gives only a su‰cient condition as the following example shows (see [8] ).
Example 27. Let G ¼ ha; b; c j a
Then G is supersoluble and F ðGÞ ¼ ha; bi possesses a chain 1 < hai < F ðGÞ whose members are normal and of prime index, in particular are weakly closed and of prime index. But the maximal subgroups of F ðGÞ are not all strongly closed. For instance, habi is not normal in G.
